Abstract. Let C be a smooth irreducible projective algebraic curve defined over the complex numbers. The notion of the Clifford index of C was extended a few years ago to semistable bundles of any rank. Recent work has been focussed mainly on the rank-2 Clifford index, although interesting results have also been obtained for the case of rank 3. In this paper we extend this work, obtaining improved lower bounds for the rank-3 Clifford index. This allows the first computations of the rank-3 index in non-trivial cases and examples for which the rank-3 index is greater than the rank-2 index.
Introduction
Let C be a smooth irreducible projective algebraic curve defined over the complex numbers. The idea of generalising the classical Clifford index Cliff(C) to higher rank vector bundles was proposed some 20 years ago, but formal definitions and the development of a basic theory took place much more recently [11] . Since then, there have been major developments, in particular the construction of curves for which the rank-2 Clifford index Cliff 2 (C) is strictly less than Cliff(C) [7, 8, 14, 15, 16] , thus producing counter-examples to a conjecture of Mercat [18] . A good deal is now known about bundles computing Cliff 2 (C) [15] .
Examples are also known for g = 9 and g ≥ 11 for which the rank-3 Clifford index Cliff 3 (C) is strictly smaller than Cliff(C) [10, 8] and lower bounds for Cliff 3 (C) had previously been established in [12] . However, with the exception of the case where Cliff(C) ≤ 2 (when Cliff 3 (C) = Cliff(C) [11, Proposition 3.5] ), no actual values of Cliff 3 (C) are known. In the present paper, we improve the lower bounds of [12] in various circumstances. As a result, we are able to compute values of Cliff 3 (C) in some cases and to give examples for which Cliff 3 (C) > Cliff 2 (C), thus answering in the affirmative Question 5.7 in [10] .
Following definitions and some preliminary results in Section 2, we consider in Section 3 the curves of minimal rank-2 Clifford index constructed in [16] ; these are good candidates for having Cliff 3 (C) > Cliff 2 (C) and we prove in particular Theorem 3.9. If 16 ≤ g ≤ 24, then there exists a curve C of genus g such that
Cliff 3 (C) > Cliff 2 (C). This could hold also for other values of g (see Theorem 3.7 and Remark 3.10).
In Section 4, we establish the following improved lower bound for Cliff 3 (C) when Cliff 2 (C) = Cliff(C).
Theorem 4.1 Let C be a curve of genus g ≥ 7 such that Cliff 2 (C) = Cliff(C) ≥ 2. Then
2 Cliff(C) + 2 3 .
Moreover, if Cliff 3 (C) < Cliff(C), then any bundle computing Cliff 3 (C) is stable.
(For the definition of the gonalities d r , see Section 2.) These new bounds may appear to be a minor improvement on those of [12] , but they are in some sense best possible in the light of current knowledge and have surprisingly strong consequences. In particular, in the course of proving Theorem 4.1, we are able to show that Cliff 3 (C) = 10 3 for the general curve of genus 9 (Proposition 4.8 and Corollary 4.9); to our knowledge, this is the first complete computation of Cliff 3 (C) for any curve with Cliff(C) > 2.
Section 5 is concerned with the case of plane curves, especially smooth plane curves. We note first that, if C is a smooth plane curve of degree δ ≥ 6, Theorem 4.1 implies that Cliff 3 (C) ≥ 2δ−6 3 (Proposition 5.1). The main result of this section identifies all possible bundles for which this lower bound could be attained.
Theorem 5.6
If C is a smooth plane curve of degree δ ≥ 7 and Cliff 3 (C) = 2δ− 6 3 , then any bundle E computing Cliff 3 (C) is stable and fits into an exact sequence 0 → E H → E → H → 0 and all sections of H lift to E. Moreover, such extensions exist if and only if h 0 (E H ⊗ E H ) ≥ 10. (Here H denotes the hyperplane bundle on C and E H is defined by the evaluation sequence 0 → E * H → H 0 (E) ⊗ O C → E → 0.) For the normalisation of a nodal plane curve, we prove a similar but more complicated result (Theorem 5.9) .
In Section 6 we study curves with Cliff 3 (C) = 3. Our main result here is Theorem 6.8 Let C be a curve of genus g ≥ 9 with Cliff(C) = 3. If d 2 > 7, and in particular if g ≥ 16, then Cliff 3 (C) = 3.
For all g ≥ 9 there exist curves with these properties.
For curves with Cliff 3 (C) = 3 and d 2 = 7 (which can exist only for 7 ≤ g ≤ 15) or with g = 8 and d 2 = 8, we have 8 3 ≤ Cliff 3 ≤ 3, but we do not know the precise value of Cliff 3 (C). We do however give a list of all bundles which could compute Cliff 3 (C) if Cliff 3 (C) = 8 3 (Propositions 6.5, 6.6 and 6.7). The problem is therefore reduced to that of determining whether any of these bundles exists.
In Section 7, we prove that, if Cliff 3 (C) ≤ Cliff 2 (C) and E computes Cliff 3 (C), then the coherent system (E, H 0 (E)) is α-semistable for all α > 0; if in addition E is stable, then (E, H 0 (E)) is α-stable for all α > 0. (In fact we prove a result for rank n (Proposition 7.1) of which this is the case n = 3.) These results are of interest in connection with a conjecture of D. C. Butler.
Finally, Section 8 contains further comments and a discussion of open problems.
We suppose throughout that C is a smooth irreducible projective algebraic curve defined over C and denote the canonical bundle on C by K C . For a vector bundle F on C, we denote the degree of F by d F and its slope by µ(
Definitions and preliminaries
We recall first the definition of Cliff n (C). For any vector bundle E of rank n and degree d on C, we define
If C has genus g ≥ 4, we then define, for any positive integer n,
(this invariant is denoted in [11, 12, 13, 14, 15] by γ ′ n ). Note that Cliff 1 (C) = Cliff(C) is the usual Clifford index of the curve C. We say that E contributes to Cliff n (C) if E is semistable of rank n with h 0 (E) ≥ 2n and µ(E) ≤ g − 1. If in addition γ(E) = Cliff n (C), we say that E computes Cliff n (C). Moreover, as observed in [11, Proposition 3.3 and Conjecture 9.3] , the conjecture of [18] can be restated in a slightly weaker form as Conjecture. Cliff n (C) = Cliff(C).
In fact, for n = 2, this form of the conjecture is equivalent to the original (see [15, Proposition 2.7] ). Lemma 2.1. The conjecture is valid in the following cases (i) Cliff(C) ≤ 2, (ii) n = 2 and Cliff(C) ≤ 4.
Proof. See [11, Propositions 3.5 and 3.8].
However, the conjecture is known to fail in many other cases (see [7, 8, 14, 15, 16] ). For n = 3 it fails for the general curve of genus 9 or 11 (see [10] ) and for curves of genus ≥ 12 contained in K3 surfaces [8, Corollary 1.6 ]. For n = 2 it is still conjectured to hold for the general curve of any genus (see [7] ). Note that in any case
Cliff n (C) ≤ Cliff(C) (see [11, Lemma 2.2] ) and for n = 2 we have the lower bound
We have always d r < d r+1 and
for all n (see [11, Section 4] ). We say that d r computes Cliff(C) if d r ≤ g − 1 and d r − 2r = Cliff(C) and that C has Clifford dimension r if r is the smallest integer for which d r computes Cliff(C). Note also [11, Lemma 4.6]
We recall that Cliff(C) ≤ g−1 2
with equality on the general curve of genus g. In fact equality holds on any Petri curve, that is any curve for which the multiplication map
is injective for every line bundle L on C. Moreover
, again with equality on any Petri curve.
In the following sections, we shall need a few basic results. The first is the lemma of Paranjape and Ramanan [21, Lemma 3.9] , which can be stated as follows.
Lemma 2.2. Let E be a bundle of rank n and degree d on C with h 0 (E) = n + s possessing no proper subbundle F with h
As a complement to this lemma in the case n = 2, we have (see [15, Lemma 2.6 
])
Lemma 2.3. Suppose that F is a semistable bundle of rank 2 and degree ≤ 2g − 2 which possesses a subbundle M with h 0 (M) ≥ 2. Then γ(F ) ≥ Cliff(C), with equality if and only if γ(M) = γ(F/M) = Cliff(C) and all sections of F/M lift to F . Proposition 2.4. Suppose that either Cliff 3 (C) < Cliff 2 (C) = Cliff(C) or Cliff 3 (C) ≤ Cliff 2 (C) < Cliff(C) and let E be a bundle computing Cliff 3 (C). Then E is stable.
Proof. Suppose that E is strictly semistable. Then E is S-equivalent to a bundle of the form F ⊕ L, where rk F = 2, rk L = 1 and both bundles have the same slope as E.
Note that either F contributes to Cliff 2 (C) or L contributes to Cliff(C). If both of these hold, then clearly γ(F ⊕L) ≥
. In all cases, we obtain the contradiction γ(E) > Cliff 3 (C).
For the next result recall that, if L is a generated line bundle with h 0 (L) = 1 + u, then the evaluation sequence
Proof. See [11, Proposition 4.9 and Theorem 4.15].
Proposition 2.6. Suppose that 3 Cliff(C) ≥ 2d 2 − 6 and Cliff 2 (C) = Cliff(C). Let F be a stable bundle of rank 2 and degree d 2 with h 0 (F ) = 3 and let L be a line bundle of degree d 2 with h 0 (L) = 3. Suppose further that
is a non-trivial extension with h 0 (E) = 6. Then E is semistable and generated. Moreover, extensions (2.6) with these properties exist if and
Proof. If F is not generated, then it possesses a subsheaf F ′ of rank 2 and degree d 2 − 1 such that h 0 (F ′ ) = 3. Moreover, F ′ is semistable. This contradicts [11, Proposition 4.12] .
Since also h 0 (F * ) = 0, we have an exact sequence
where M ≃ det F has degree d 2 and h 0 (M) ≥ 3. Hence h 0 (M) = 3 and F ≃ E M . The semistability of E now follows as in [10, Proposition 3.5] noting that the inequality 3d 1 ≥ 2d 2 is weaker than 3 Cliff(C) ≥ 2d 2 −6. Moreover, E is obviously generated.
For the last assertion note that a non-trivial extension (2.6) with h 0 (E) = 6 corresponds to a non-zero element of the kernel of the natural map
Hence there exists a non-trivial extension (2.6) with h 0 (E) = 6 if and
Curves with minimal rank-2 Clifford index
In this section, we let C be a curve of genus g ≥ 11 with
and Cliff 2 (C) = 1 2
Such curves exist by [16] and [7] . Note that (3.1) implies that Cliff 2 (C) < Cliff(C). By (2.2), Cliff 2 (C) takes its minimum value for the given value of Cliff(C), so these curves are good candidates for obtaining values of Cliff 3 (C) greater than Cliff 2 (C). A further implication of (3.1) is that d 4 ≤ Cliff(C) + 8 (see [11, Theorem 5.2] ). On the other hand, d 4 ≥ Cliff(C) + 8 for any curve of genus ≥ 8 by (2.3), so, for our curves, we have d 4 = Cliff(C) + 8. This implies that C cannot be a Petri curve for g ≥ 12.
On the other hand, it is known that, for g = 11, C can be Petri [17, Theorem 1.5] .
We follow the arguments of [12] .
Proposition 3.1. Let E be a semistable bundle of degree d computing
, then either
Moreover, if γ(E) ≤ Cliff 2 (C), then E has no proper subbundle F with h 0 (F ) ≥ rk F + 1.
Proof. By [12, Proposition 2.4] we have 
By (2.3),
For [12, formula (2.
3)], the estimate enters in 2 different cases. In the first case we have, for some integer t ≥ 1,
In the second case we have
Since g ≥ 11, this can occur only if t = 1. If 15 ≤ g ≤ 18, all the other inequalities in the proof of (3.2) must be equalities. In particular, 
Proof. We use the bound of [12, Lemma 3.2] . It is clear that
Moreover, by simple computations,
Since we have always d ≤ 3g−3, this means we can delete the inequality (3.4) in this case. If g < 34 and g = 32, we can have
This allows the possibility of a bundle E computing Cliff 3 (C) with γ(E) ≤ Cliff 2 (C) and sitting in an exact sequence
with F of maximal slope and rank 2 and
In the next proposition, we show that this still implies that γ(E) > Cliff 2 (C) if g ≥ 16.
Proposition 3.5. Let E be a semistable bundle of degree d computing Cliff 3 (C). Suppose that E possesses a proper subbundle of maximal slope with rk
Proof. If h 1 (E/F ) = 0, then, using [20] , we obtain
shows that this holds for g ≥ 10. So we can suppose
or equivalently
If F possesses a line subbundle with h 0 ≥ 2, then by Lemma 2.3, γ(F ) ≥ Cliff(C) which contradicts (3.6). So by Lemma 2.2,
, it suffices to show that
Since we are assuming that γ(E) ≤ Cliff 2 (C) and we know that γ(F ) ≥ Cliff 2 (C), we must have γ(E/F ) ≤ Cliff 2 (C), i.e.
and hence
So for (3.7) it is enough to prove that
Using d ≤ 3g − 3, it is sufficient to show that
which is valid for g ≥ 16.
For (3.8) it is enough to prove that
Again using d ≤ 3g − 3, it is sufficient to show that
Proposition 3.6. Let E be a semistable bundle of degree d computing Cliff 3 (C). Suppose that E possesses a proper subbundle L of maximal slope with rk L = 1. If
Proof. We follow the proof of [12, Lemma 3.1]. Clearly
Moreover,
under the assumption on d.
It remains to handle the case where h 0 (L) ≤ 1. In this case we have an exact sequence 0 → L → E → Q → 0 and, by [20] ,
. We can assume M has maximal slope as a subbundle of Q, so, again by [20] ,
. It therefore remains to prove that 2 Cliff 2 (C)
This is equivalent to d > g + Combining everything, we get the following theorem.
Theorem 3.7. If g ≥ 16, there exists a curve C satisfying (3.1) such that either
which possesses no proper subbundle F with h 0 (F ) ≥ rk F + 1 such that
If g ≥ 19, this holds for every curve C satisfying (3.1).
Proof. The theorem follows from Propositions 3.1, 3.3, 3.5 and 3.6 and Remarks 3.2 and 3.4. We need only to check that the lower bounds (3.3) and (3.9) for d are less than the upper bound of Proposition 3.1.
Proof. By (2.3), we have
The assertion follows from a simple computation.
Theorem 3.9. If 16 ≤ g ≤ 24, then there exists a curve C of genus g such that
Proof. This follows at once from Theorem 3.7 and Lemma 3.8.
Remark 3.10. It is possible that (3.10) holds for other values of g, indeed for all g ≥ 14. If this is so, one can extend Theorem 3.9 accordingly.
An improved lower bound
In this section we shall improve the lower bound of [12, Theorem 4.1]. We have already remarked in the proof of [10, Theorem 4.6(ii)] that
For Cliff 2 (C) < Cliff(C) this is an improvement. We consider here the case Cliff 2 (C) = Cliff(C). Note that this is true for Cliff(C) ≤ 4 by Lemma 2.1, for all smooth plane curves [11, Proposition 8.1] and for the general curve of genus ≤ 19 (see [7, Theorem 1.7] for the case g ≤ 16).
We may assume Cliff(C) ≥ 3 by Lemma 2.1. We use the proofs in Sections 2 and 3 of [12] making necessary improvements and proceed by a sequence of lemmas and propositions. We follow the argument of [12] . Suppose throughout that E is a bundle computing Cliff 3 (C).
Proof. By [12, Lemma 2.2] we know that
We need first to improve the estimate in case (i) in the proof of this lemma. We have by (2.3)
It is therefore sufficient to show that 1 3 (4 Cliff(C) + 2g
This is true provided Cliff(C) 
Lemma 4.4. Suppose that E has a proper subbundle of maximal slope and rank 1, and d ≥ 2g + 4. Then
Proof. This is an immediate consequence of [12, Lemma 3.1], since 3 Cliff 3 (C) is an integer.
Lemma 4.5. Suppose that g = 8 or g ≥ 10 and that E has a proper subbundle of maximal slope and rank 2, and d ≥ 2g + 3. Then
Proof. We use [12, Lemma 3.2] . We need to check that
This holds for d ≥ 2g + 3 if g = 8 or g ≥ 10.
Proposition 4.6. Let C be a curve of genus g = 8 or g ≥ 10 such that Cliff 2 (C) = Cliff(C) ≥ 3 and let E be a bundle computing Cliff 3 (C). Then
Proof. If E does not possess a proper subbundle F with h 0 (F )
By Now
Proposition 4.8. Let C be a curve of genus g = 9 with Cliff(C) ≥ 3 and E a bundle computing Cliff 3 (C). Then • either Cliff(C) = 3 and γ(E) ≥ 8 3
• or Cliff(C) = 4 and γ(E) = and γ E/G ≥ 4. So
contradicting the fact that γ(E) ≤ . Hence F is a subbundle of maximal slope.
Note that h 0 (E/L) ≥ 8. Arguing similarly as above we get . Since Cliff 3 (C) ≤ 10 3 , this gives the result.
As an immediate consequence we get 
give semistable bundles E and such bundles exist if and only if
For the general curve of genus 9 or 11, these values are attained [10] . Note that, if in addition d 2 computes Cliff(C), then
Smooth plane curves satisfy these conditions and we have a more precise statement in the next section (Theorem 5.6). The normalisations of nodal plane curves with small numbers of nodes are also covered by this remark (see Theorem 5.9 and Remark 5.7).
Remark 4.11. For a general curve C of genus g we have
for g ≤ 30. If Cliff 2 (C) = Cliff(C) for such curves, then
For instance, for a general curve of genus 10, we have Cliff 2 (C) = Cliff(C) = 4, so , which is an improvement on the known result 11 3 ≤ Cliff(C) ≤ 
Plane curves
To begin with, let C be a smooth plane curve of degree δ ≥ 6 and let H denote the hyperplane bundle on C. We know that Cliff 2 (C) = Cliff(C) = δ − 4 (see [11, Proposition 8.1] ). We also know the values of all d r by Noether's Theorem (a proof, which also works for any integral plane curve as claimed by Noether, was given by Hartshorne [9, Theorem 2.1]). In particular,
Moreover, by the same theorem, H is the only line bundle of degree δ on C with h 0 (H) = 3 and also the only line bundle computing Cliff(C). The following proposition is a consequence of Theorem 4.1.
Proposition 5.1. Let C be a smooth plane curve of degree δ ≥ 6. Then
Proof. The result follows from Theorem 4.1, since
Note that, if δ = 6, we have equality in Proposition 5.1 since Cliff 3 (C) = Cliff(C) = 2 by Lemma 2.1. So we can assume δ ≥ 7.
Suppose now that E is a bundle computing Cliff 3 (C).
Lemma 5.2. If d ≥ 2δ + 6 and E has a subbundle F of maximal slope with rk F = 1, then
Proof. We follow the proof of [12, Lemma 3.1] . First observe that
So we can use [12, formulas (3.4) and (3.5)] obtaining
To get γ(E) = , then
So E possesses a line subbundle of degree ≥ 3, a contradiction.
δ, then
Proof. Note first that d > g + 3 2 δ implies that d ≥ 2δ + 6. By Lemma 5.2, we can therefore assume that every subbundle F of E of maximal slope has rank 2. We check now that all the numbers in the minimum of [12, Lemma 3.2] are > 2δ− 6 3 . For the first number, this is immediate since Cliff 2 (C) = Cliff(C) = δ − 4. The second requires precisely the condition d > g + 3 2 δ. The third needs only d > 6. For the fourth, we need d < 4g − 12, which is true since d ≤ 3g − 3 and g > 9. Finally, for the fifth number, we need d > 6δ − 2g − 6, which is easily seen to be true. . If d ≤ 2g + 1, then E fits into a non-trivial exact sequence
and all sections of L lift to E.
Proof. Since 2g + 1 < 2δ − 8 + 2g, it follows from (5.1) and Lemma 5.4 that E has a subbundle F of rank 2 with h 0 (F ) ≥ 3 and no line subbundle with h 0 ≥ 2. We follow the proof of [12, Lemma 2.3] . In the case d 2t < 2t + g − 1 and d u < u + g − 1, the only possibility is that all the inequalities are equalities. This gives t = 1 (hence
As in the proof of Proposition 2.6 we see that F is generated and has the form F ≃ E N for some line bundle N of degree d 2 with h 0 (N) = 3. The only such bundle is H. Moreover,
In the argument leading up to [12, formula (2. 3)], we have the inequality
. This gives γ(E) ≥ , a contradiction. Since 2g + 1 > g + 3 2 δ, Lemmas 5.3 and 5.5 cover all possibilities for d. This implies the existence of (5.2). The last assertion follows from Proposition 2.6.
We now consider the case when C is the normalisation of a plane curve Γ of degree δ whose only singularities are ν simple nodes. Since Noether's Theorem applies to Γ rather than C, we cannot use it directly to obtain information about C. However many relevant facts are known about C.
For our purposes, we shall assume that the nodes are in general position and that
Note that, since C has genus g = δ − 3, the result must fail since this is equivalent to the Brill-Noether number for line bundles of degree δ with 3 independent sections on C being positive.)
We shall make the additional assumption that 
Before proceeding to our main result, we shall prove a lemma which we shall also need in Section 6.
Lemma 5.8. Let C be a curve of genus 9 with Cliff(C) = 3. Suppose that E is a semistable bundle of rank 3 and degree 24 with h 0 (E) ≥ 4.
Proof. Since Cliff(C) ≤ 4, we have Cliff 2 (C) = Cliff(C) by Lemma 2.1; moreover d 9 ≥ 17 by (2.3). So, by Theorem 4.1, γ(E) ≥ We now consider the proof of [12, Lemma 3.2] . The first three numbers and the last number in the minimum are certainly ≥ 3. The fourth number, however, is 8 3 . We can have γ(E) = 8 3 if and only if all inequalities leading up to this are equalities. This implies that
So d F = 10. Since E has no line subbundle of maximal slope, the maximal slope of a line subbundle of F is 4. So F has no line subbundle with h 0 ≥ 2. By Lemma 2.2 this implies that d F ≥ d 4 and so ≥ 11 by (2.3). This is a contradiction.
Theorem 5.9. Suppose that C is the normalisation of a nodal plane curve of degree δ ≥ 7 with ν nodes in general position and that (5.3) holds. Suppose further that (5.5) holds and g ≥ 9. Then
, then any bundle E computing Cliff 3 (C) is stable and fits into an exact sequence
and all sections of L lift to E. and that E is a bundle computing Cliff 3 (C) 4) . It follows that every subbundle of maximal slope of E has rank 2, so we can apply Lemma 5.5. There is a minor change in the proof since d 1 = δ − 2, which means that F can have a line subbundle of degree 2; however this does not affect the argument. On the other hand, the hyperplane bundle H is no longer unique and we do not know all the bundles computing Cliff(C), so we just obtain the form (5.7) for the exact sequence defining E.
The remaining problem is that Lemmas 5.3 and 5.5 may no longer cover all cases. In fact d ≤ g + δ. We can therefore assume
Remark 5.11. The excluded case δ = 7, g = 8 will be covered in Section 6 (Proposition 6.6), as will the case δ = 7, g = 7 (hence ν = 8).
In the latter case, it is proved in [3] that d 1 = 5 but this does not imply that Cliff(C) = 3 since there are infinitely many pencils on C with degree 5. Thus Theorem 5.9 does not apply, but a modified version does hold (see Proposition 6.5), perhaps under stronger generality conditions.
Curves with Clifford index three
Let C be a curve of genus g with Cliff(C) = 3 and hence g ≥ 7. We have d 9 ≥ 16 for g ≥ 8 from (2.3). For g = 7, d 9 = 16 by RiemannRoch. By Theorem 4.1, we have 8 3 ≤ Cliff 3 (C) ≤ 3.
Hence any bundle E computing Cliff 3 (C) possesses a proper subbundle F with h 0 (F ) ≥ rk F + 1. We now consider the possibility that γ(E) = 8 3 . Note that this can happen only if d is even. We suppose throughout that E is a bundle of degree d computing Cliff 3 (C). 
This gives γ(E) ≥ 3.
Remark 6.2. Since we always have d ≤ 3g − 3, the assumption d ≤ 2g + 5 is redundant for g = 7 and g = 8.
Lemma 6.3. Suppose that there exists an exact sequence
with rk F = 2 and h 0 (F ) ≥ 3 and that E has no line subbundle with h 0 ≥ 2. If d ≤ 2g + 2 and γ(E) = 8 3 , then
Moreover, all sections of E/F lift to E.
Proof. We follow the proof of [12, Lemma 2.3] . The first case to be considered is when d 2t < 2t + g − 1 and
0 (E/F ). Since h 0 (E) ≥ 6, we have also h 0 (E/F ) ≥ 3. Moreover, d = 10 + 2u; since γ(E) = 8 3 , this gives h 0 (E) = 4 + u = h 0 (F ) + h 0 (E/F ). Hence all sections of E/F lift to E.
The case of [12, formula (2. 3)] can give γ(E) = , then h 0 (E) = g + 1, h 0 (F ) = 3, and either
Proof. [12, Formula (2.4)] gives
For γ(E) = we still need t = 1, so h 0 (F ) = 3, but it is now possible that d F = 8.
We have h 0 (E) = g + 1, since γ(E) = .
The rest follows from Riemann-Roch.
Proposition 6.5. Let C be a curve of genus g = 7 with Cliff(C) = 3 and suppose that Cliff 3 (C) = . Then E is stable and fits into an exact sequence (6.1) with h 0 (F ) = 3. Moreover one of the following holds
Proof. Stability of E follows from Proposition 2.4. Since d ≤ 3g − 3, the rest follows from Lemmas 6.1, 6.3 and 6.4.
Proposition 6.6. Let C be a curve of genus g = 8 with Cliff(C) = 3 and suppose that Cliff 3 (C) = . Then E is stable and fits into an exact sequence (6.1) with h 0 (F ) = 3. Moreover one of the following holds
For the general curve of genus 8 only the last possibility can occur.
Proof. Stability of E follows from Proposition 2.4. Since d ≤ 3g−3, the various possibilities for (6.1) follow from Lemmas 6.1, 6.3 and 6.4. For the last assertion note that the general curve of genus 8 has d 2 = 8.
For g ≥ 9 we need to consider the possibility that d ≥ 2g + 6. For this we use the results of [12, Section 3] . Proposition 6.7. Let C be a curve of genus g ≥ 9 with Cliff(C) = 3 and suppose that Cliff 3 (C) = 8 3 . Then d 2 = 7, 14 ≤ d ≤ 2g and E is stable and fits into an exact sequence (6.1) with
Proof. Once again stability follows from Proposition 2.4.
Suppose that E possesses a subbundle L of maximal slope of rank 1. The first and third numbers in the minimum of [12 , so we must have d L ≤ 2. It follows that E has no line subbundle with h 0 ≥ 2. Hence it is among the cases listed in Lemma 6.4. In particular every subbundle F of maximal slope has rank 2.
Let F be such a subbundle and suppose d ≥ 2g + 2. The first 3 numbers in the minimum of the statement of [12, Lemma 3.2] are > We are left with the case d ≤ 2g. The result now follows from Lemma 6.3. For all g ≥ 9 there exist curves with these properties.
Proof. The first assertion follows from Proposition 6.7 once we know that d 2 ≥ 8 whenever g ≥ 16. In fact, if d 2 = 7, then C possesses as a plane model a septic. Hence g ≤ 15.
For 9 ≤ g ≤ 15 note that by the Hurwitz formula the family of curves with Clifford index 3 is of dimension 2g + 5. On the other hand, the family of plane septics of genus g is of dimension 12 + g < 2g + 5. This proves the final statement.
Corollary 6.9. Let C be a smooth complete intersection of 2 cubics in
Proof. It is known that C has Clifford dimension 3, genus 10 and Cliff(C) = 3 (see [6] ). In particular d 2 does not compute Cliff(C).
The curves of this corollary are the only curves of Clifford dimension ≥ 3 with Cliff(C) = 3 (see [6] ). Remark 6.10. Suppose that C is a curve of genus g ≥ 9 with Cliff(C) = 3 and d 2 = 7. Then C possesses as a plane model a septic. For g = 15 this model is smooth and Theorem 5.6 applies. In particular Cliff 3 (C) = 8 3 if and only if h 0 (E H ⊗ E H ) ≥ 10. If 9 ≤ g ≤ 14, then the general curve of this type is the normalisation of a nodal septic with nodes in general position, so Theorem 5.9 applies and gives a somewhat more precise result.
Coherent systems
Recall that a coherent system of type (n, d, k) on a curve C is a pair (E, V ) where E is a vector bundle of rank n and degree d on C and V is a linear subspace of H 0 (E) of dimension k. For any α > 0 we define the α-slope of (E, V ) by
The coherent system (E, V ) is called α-stable (α-semistable) if, for all proper coherent subsystems (F, W ) of (E, V ),
Proposition 7.1. Suppose E computes Cliff n (C) and Cliff r (C) ≥ Cliff n (C) for all r ≤ n. Then (E, H 0 (E)) is α-semistable for all α > 0. If also E is stable, then (E, H 0 (E)) is α-stable for all α > 0.
Proof. Write h 0 (E) = n + s with s ≥ n. If F is any subbundle of E, then µ(G) ≤ d n for any subbundle G of F . We need to show that
If this is not true, then by [13, Lemma 2.1] we have
All such G contribute to Cliff rk G (C). Since Cliff r (C) ≥ Cliff n (C) for all r ≤ n, we obtain γ(E) > Cliff n (C), a contradiction.
Remark 7.2. In the case n = 2, the hypotheses of Proposition 7.1 hold. For n = 3, they reduce to Cliff 3 (C) ≤ Cliff 2 (C). We have seen in this paper that this hypothesis does not always apply.
Remark 7.3. Under the same hypotheses as those of Proposition 7.1, it was proved in [13] that E is generated. We therefore have an evaluation sequence
A version of a conjecture of D. C. Butler [2] states that, for general stable E, the kernel M E should be stable. Of course our bundles are not general, but it is still of interest to ask whether M E is stable (or semistable) when the hypotheses of Proposition 7.1 hold. It has recently been noted by L. Brambila-Paz that the conclusion of the proposition is a necessary condition for the stability of M E . For a line bundle L on a non-hyperelliptic curve C, it follows from [1, Theorem 1.3] that M L is stable (this has also been proved by E. Mistretta and L. Stoppino [20, Corollary 5.5]).
Further comments and open problems
There are several problems in connection with Section 3. Moving on to Section 5, the following question looks interesting.
Question 8.4. For the hyperplane bundle H on a (smooth) plane curve, is it true that h 0 (E H ⊗ E H ) ≥ 10?
Comment. It seems possible that the answer to this question is known. Note that for a smooth plane curve of degree δ ≥ 7, we have Cliff 3 (C) = Turning to Section 6, we can ask Comment. Any such curve must be one of the following:
• a smooth plane septic;
• a curve of genus g, 7 ≤ g ≤ 14, which is representable by a singular plane septic; • a curve of genus 8 with d 2 = 8.
